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Abstract: The q-calculus is a generalization of traditional calculus that introduces a parameter q 

typically where  0 < q < 1 and it generalizes concepts like differentiation and integration using a 

parameter-dependent approach. It plays a significant role in various areas such as combinatorics, 

special functions, quantum groups, and more. The target  of this paper is to define the operator of 

q- derivative based upon the Borel distribution and by using this operator, we obtain the 

coefficient bounds, inclusion relations, extreme points and some more properties of defined 

class.  
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1. Inroduction. 

Let A denote the class of functions of the form  

                              
2

( ) n
n

n

f z z a z




                                                         (1.1)  
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which are analytic in the open unit disk U = {z : |z| < 1} and normalized by (0) 0, (0) 1f f   . 

Let S be the subclass of A consisting of univalent functions ( )f z  of the form (1.1). Further 

denote by T the subclass of A consisting of functions of the form 

                  
2

( ) ,( 0)n
n n

n

f z z a z a




              (1.2) 

introduced and studied by Silverman [7].  

For 
2

( ) n
n

n

g z z b z




  , the Hadamard product (or convolutions) of f and g is defined by  

     ( ) ,n
n nf g z z a b z z U        (1.3)  

 

The elementary distribution such as the Poisson, the Pascal, the Logarithmic, the Binomial have 

been partially studied in the Geometric Function Theory from a theoretical point of view (see 

[1,2,5,6]. 

A discrete random variable 𝑥 is said to have a Borel distribution if it takes the values 1,2,3, ⋯ 

with the probabilities 
షഊ

ଵ!
,

ଶఒషమഊ

ଶ!
,

ଽఒమషయഊ

ଷ!
, ⋯, respectively, where 𝜆 is called the parameter. Very 

recently, Wanas and Khuttar [10]  introduced the Borel distribution (BD) whose probability mass 

function is 

𝑃(𝑥 = 𝜚) =
(𝜚𝜆)దିଵ𝑒ିఒద

𝜚!
, 𝜚 = 1,2,3, ⋯ 

Wanas and Khuttar [10] introduced a series 𝑀(𝜆; 𝑧) whose coefficients are probabilities of the 

Borel Distribution (BD) 

𝑀(𝜆; 𝑧) = 𝑧 + 
[𝜆(𝑘 − 1)]ିଶ𝑒ିఒ(ିଵ)

(𝑘 − 1)!

ஶ

ୀଶ

𝑧 ,     (0 < 𝜆 ≤ 1)

= 𝑧 +  𝜎

ஶ

ୀଶ

(𝜆)𝑧 , (0 < 𝜆 ≤ 1),                                            (1.4)
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where 

𝜎(𝜆) =
[𝜆(𝑘 − 1)]ିଶ𝑒ିఒ(ିଵ)

(𝑘 − 1)!
. 

We define a linear operator 𝔅(𝜆; 𝑧)𝑓: 𝐴 → 𝐴 as follows: 

𝔅(𝜆; 𝑧)𝑓(𝑧) = 𝑀(𝜆; 𝑧) ∗ 𝑓(𝑧)

= 𝑧 + 
[𝜆(𝑘 − 1)]ିଶ𝑒ିఒ(ିଵ)

(𝑘 − 1)!

ஶ

ୀଶ

𝑎𝑧 ,   (0 < 𝜆 ≤ 1).
 

Srivastava [9] made use of various operators of 𝑞- calculus and fractional 𝑞- calculus and 

recalling the definition and notations. The 𝑞- shifted factorial is defined for 𝜆, 𝑞 ∈ ℂ and 𝑛 ∈

ℕ = ℕ ∪ 0 as follows: 

 

By using the 𝑞-gamma function 𝛤(𝑧), we get 

൫𝑞ఒ; 𝑞൯


=
(1 − 𝑞)𝛤(𝜆 + 𝑘)

𝛤(𝜆)
   (𝑘 ∈ ℕ), 

where (see [9]) 

𝛤(𝑧) = (1 − 𝑞)ଵି௭
(𝑞; 𝑞)ஶ

(𝑞௭; 𝑞)ஶ
   (|𝑞| < 1). 

Also, we note that 

(𝜆; 𝑞)ஶ = ෑ(1 − 𝜆𝑞)

ஶ

ୀ

   (|𝑞| < 1) 

and, the 𝑞- gamma function 𝛤(𝑧) is known 

𝛤(𝑧 + 1) = [𝑧]𝛤(𝑧), 

where[𝑘] denotes the basic 𝑞- number defined as follows: 
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                                                       (1.5) 

Using the definition formula (1.5) we have the next two products: 

(i) For any non-negative integer k, the 𝑞-shifted factorial is given by 

 

(ii) For any positive number 𝑟, the 𝑞- generalized Poccammer symbol is defined by 

 

It is known in terms of the classical (Euler’s) gamma function 𝛤(𝑧), that 

𝛤(𝑧) → 𝛤(𝑧)   as𝑞 → 1ି 

Also, we observe that 

lim
→ଵష

൝
൫𝑞ఒ; 𝑞൯



(1 − 𝑞)
ൡ = (𝜆) . 

For 0 < 𝑞 < 1, the 𝑞- derivative operator [9 ] (see also [10] ) for 𝔅(𝜆; 𝑧)𝑓 is defined by 

𝐷൫𝔅(𝜆; 𝑧)𝑓(𝑧)൯ : =
𝔅(𝜆; 𝑧)𝑓(𝑧) − 𝔅(𝜆; 𝑧)𝑓(𝑞𝑧)

𝑧(1 − 𝑞)

= 1 + [𝑘]

ஶ

ୀଶ

[𝜆(𝑘 − 1)]ିଶ𝑒ିఒ(ିଵ)

(𝑘 − 1)!
𝑎𝑧ିଵ,    (0 < 𝜆 ≤ 1,  𝑧 ∈ 𝐸),

 

where 

[𝑘] : =
1 − 𝑞

1 − 𝑞
= 1 +  𝑞

ିଵ

ୀଵ

,    [0, 𝑞] : = 0. 
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For 𝜗 > −1 and 0 < 𝑞 < 1, we defined the linear operator 𝔅ఒ
ణ,

𝑓: 𝐴 → 𝐴 by 

𝔅ఒ
ణ,

𝑓(𝑧) ∗ 𝑁,ణାଵ(𝑧) = 𝑧𝐷൫𝔅(𝜆; 𝑧)𝑓(𝑧)൯,    𝑧 ∈ 𝐸, 

where the function 𝑁,ణାଵis given by 

 

𝑁,ణାଵ(௭) : = 𝑧 + 
[𝜗 + 1],ିଵ

[𝑘 − 1]!

ஶ

ୀଶ

𝑧 ,    𝑧 ∈ 𝐸. 

A simple computation shows that 

𝔅ఒ
ణ,

𝑓(𝑧): = 𝑧 + 
[𝑘]! [𝜆(𝑘 − 1)]ିଶ𝑒ିఒ(ିଵ)

[𝜗 + 1],ିଵ(𝑘 − 1)!

ஶ

ୀଶ

𝑎𝑧

= 𝑧 +  𝒟(𝑘) 

ஶ

ୀଶ

𝑎𝑧 ,                                                            (1.6)

 

where 

           𝒟(𝑘) =
[𝑘]! [𝜆(𝑘 − 1)]ିଶ𝑒ିఒ(ିଵ)

[𝜗 + 1],ିଵ(𝑘 − 1)!
                                                (1.7) 

and 0 < 𝜆 ≤ 1, 𝜗 > −1,0 < 𝑞 < 1, 𝑧 ∈ 𝐸. 

 

Now using above differential operator, we define the following subclass of T. 

Definition 1.1. A function 𝑓 ∈ 𝒜 given by (1.2) is in the class 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵),   (0 <

𝑞 < 1), 𝜆 ∈ ℕ, 𝛽 ≥ 0, ϑ > −1, 𝑎𝑛𝑑 − 1 ≤ 𝐴 < 𝐵 ≤ 1,0 < 𝐵 ≤ 1) if it satisfies                       

the following subordination condition: 

(1 − 𝛽)
𝔅ఒ

ణ,
𝑓(𝑧)

𝑧
+ 𝛽 ቀ𝔅ఒ

ణ,
𝑓(𝑧)ቁ

ᇱ

≺
1 + 𝐴𝑧

1 + 𝐵𝑧
(𝑧 ∈ E).                                  (1.8) 
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Silverman[8]introduced and studied the univalent function with varying arguments of 

coefficients as follows: 

Definition 1.2.  [8] A function 𝑓(𝑧) of the form (1.1) is in the class 𝒱(𝜃) if 𝑓(𝑧) ∈ 𝒮 (the class 

of analytic and univalent function in  ) and arg (𝑎) = 𝜃 for all 𝑘(𝑘 ≥ 2). Further, if there exists 

a real number 𝜂 such that 

                  𝜃 + (𝑘 − 1)𝜂 ≡ 𝜋(mod2𝜋),                                                            (1.9) 

then 𝑓(𝑧) is said to be in the class 𝒱(𝜃 , 𝜂). The union of 𝒱(𝜃 , 𝜂) taken over all possible 

sequence {𝜃} and all possible real numbers 𝜂 is denoted by 𝒱. 

Let 𝒱(𝜆, 𝛽, ϑ, 𝐴, 𝐵) denote the subclass of 𝒱 consisting of functions 𝑓(𝑧) ∈ 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵). 

In this paper, the authors obtain coefficient estimates, distortion theorem and extreme point for 

the function 𝑓 ∈ 𝒜 belongs to the class 𝒱(𝜆, 𝛽, ϑ, 𝐴, 𝐵). 

  2.1  Coefficient Estimates 

Unless otherwise stated, we assume throughout the sequel that −1 ≤ 𝐴 < 𝐵 ≤ 1,0 < 𝐵 ≤

1, 𝜆, 𝛽 ∈ ℕ, 0 < 𝑞 < 1; 𝑧 ∈ E. 

The sufficient condition for a function 𝑓(𝑧) of the form (1.2) to be in the class 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵) is 

given by the following theorem. 

Theorem 2.1. Let the function 𝑓(𝑧) be of the form (1.2). If  

                 ∑  ஶ
ୀଶ [1 + 𝛽(𝑘 − 1)](1 + 𝛽)𝒟(𝑘)|𝑎| ≤ (𝐵 − 𝐴)                        (2.1). 

Proof. A function 𝑓(𝑧) of the form (1.2) belongs to the class 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵) if and only if there 

exists an analytic function 𝑤(𝑧), satisfying the condition of Schwarz lemma such that 
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(1 − 𝛽)
𝔅ఒ

ణ,
𝑓(𝑧)

𝑧
+ 𝛽 ቀ𝔅ఒ

ణ,
𝑓(𝑧)ቁ

ᇱ

=
1 + 𝐴𝑤(𝑧)

1 + 𝐵𝑤(𝑧)
.                        (2.2) 

or equivalently, 

Thus, it is sufficient to show that 

อ(1 − 𝛽)
𝔅ఒ

ణ,
𝑓(𝑧)

𝑧
+ 𝛽൫𝔅ఒ

ణ,
𝑓(𝑧)൯

ᇱ
− 1อ − อ𝐵 (1 − 𝛽)

𝔅ఒ
ణ,

𝑓(𝑧)

𝑧
+ 𝛽൫𝔅ఒ

ణ,
𝑓(𝑧)൯൩ − 𝐴อ ≤ 0. 

Letting |𝑧| = 𝑟(0 ≤ 𝑟 < 1), we have 

อ(1 − 𝛽)
𝔅ఒ

ణ,
𝑓(𝑧)

𝑧
+ 𝛽൫𝔅ఒ

ణ,
𝑓(𝑧)൯

ᇱ
− 1อ − อ𝐵 (1 − 𝛽)

𝔅ఒ
ణ,

𝑓(𝑧)

𝑧
+ 𝛽൫𝔅ఒ

ణ,
𝑓(𝑧)൯

ᇱ
൩ − 𝐴อ

= อ  

ஶ

ୀଶ

  [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)𝑎𝑧ିଵอ − อ(𝐵 − 𝐴) + 𝐵   

ஶ

ୀଶ

  [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)𝑎𝑧ିଵอ

≤   

ஶ

ୀଶ

  [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)|𝑎|𝑟ିଵ − (𝐵 − 𝐴) + 𝐵   

ஶ

ୀଶ

  [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)|𝑎|𝑟ିଵ

≤   

ஶ

ୀଶ

  [1 + 𝛽(𝑘 − 1)](1 + 𝐵)𝒟(𝑘)|𝑎| − (𝐵 − 𝐴).  

 

In view of (2.1), the last inequality is less than zero. Hence 𝑓(𝑧) ∈ 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵). This 

completes the proof of Theorem. 

Theorem 2.2. Let the function 𝑓(𝑧) ∈ 𝒜 be of the form (1.2). Then 𝑓(𝑧) ∈ 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵) if 

and only if 

  

ஶ

ୀଶ

[1 + 𝛽(𝑘 − 1)](1 + 𝐵)𝒟(𝑘)|𝑎| ≤ (𝐵 − 𝐴).                           (2.3) 
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Proof.In view of Theorem 2.1, we need only to show that function 𝑓(𝑧) ∈ 𝜈୯(𝜆, 𝛽, ϑ, 𝐴, 𝐵) 

satisfies the coefficient inequalities (2.1). Let 𝑓(𝑧) ∈ 𝜈ସ(𝜆, 𝛽, ϑ, 𝐴, 𝐵). 

Then from (1.2) and (2.2), we have 

ቤ
∑  ஶ

ୀଶ   [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)𝑧ିଵ

(𝐵 − 𝐴) + ∑  ஶ
ୀଶ  𝐵[1 + 𝛽(𝑘 − 1)]𝒟(𝑘)𝑎𝑧ିଵ

ቤ < 1.                      (2.4) 

Sance 𝑓(𝑧) ∈ 𝒱, 𝑓(𝑧) lies in the class 𝒱(𝜃 , 𝜂) for soene secquence {𝜃} and real number 𝜂 such 

that 𝜃 + (𝑘 − 1)𝜂 ≡ 𝜋(mod2𝜋) for all 𝑘 ≥ 2. 

Set 𝑧 = 𝑟𝑒௩ in (2.4), we have 

which implies 

ቤ
− ∑  ஶ

ୀଶ   [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)|𝑎|𝑟ିଵ

(𝐵 − 𝐴) − 𝐵 ∑  ஶ
ୀଶ   [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)|𝑎|𝑟ିଵ

ቤ < 1. 

Since ℜ(𝑤(𝑧)) < |𝑤(𝑧)| < 1 implies 

ℜ ቈ
∑  ஶ

ୀଶ   [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)|𝑎|𝑟ିଵ

(𝐵 − 𝐴) − 𝐵 ∑  ஶ
ୀଶ   [1 + 𝛽(𝑘 − 1)]𝒟(𝑘)|𝑎|𝑟ିଵ

 < 1.                 (2.5) 

It has been observed that the denominator of the left hand side of (2.5) cannot vanish for [0,1). 

Furthermore, it is positive for 𝑟 = 0 and therefore for 𝑟 ∈ [0, 1). Thus, we have 

  

ஶ

ୀଶ

[1 + 𝛽(𝑘 − 1)](1 + 𝐵)𝒟(𝑘)|𝑎|𝑟ିଵ < (𝐵 − 𝐴) 

which, upon letting 𝑟 ⟶ 1ିgives the require assertion of Theorem .  

Corollary 2.1. Let the function 𝑓(𝑧) ∈ 𝒜 defined by (1.2) be in the class 𝒯(𝜆, 𝛽, ϑ, 𝐴, 𝐵). Then 
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|𝑎| ≤
(𝐵 − 𝐴)

[1 + 𝛽(k − 1)](1 + 𝐵)𝒟(k)
(𝑘 ≥ 2) 

The result is sharp for the function 

𝑓(𝑧) = 𝑧 +
(𝐵 − 𝐴)

[1 + 𝛽(k − 1)](1 + 𝐵)𝒟(k)
𝑒ఏೖ௭ೖ

(𝑘 ≥ 2). 

                                              3  Distortion Theorem 

Theorem 3.1.  Let the function 𝑓(𝑧) defined by (1.1) be in the class 𝜈୯(𝜆, 𝛽, ϑ, 𝐴, 𝐵). Then 

|𝑧| −
(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
ቤ𝑧|ଶ ≤ |𝑓(𝑧)| ≤ |𝑧| +

(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
ቤ 𝑧|ଶ    (3.1) 

The result is sharp. 

Proof: Corollary 2.1 and elementary inequality 

(1 + 𝛽)(1 + B)𝒟(2) ≤ [1 + 𝛽(𝑘 − 1)](1 + B)|𝑎|𝒟(𝑘) ≤ (𝐵 − 𝐴). (𝑘 ≥ 2) 

yield 

  

ஶ

ୀଶ

|𝑎| ≤
(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
 

Thus, 

|𝑓(𝑧)| = อ𝑧 +   

ஶ

ୀଶ

 𝑎𝑧อ 

≤ |𝑧| +   

ஶ

ୀଶ

  |𝑎||𝑧| 

Journal of Engineering and Technology Management 74 (2024)

PAGE N0: 866



≤ |𝑧| + |𝑧|ଶ   

ஶ

ୀଶ

  |𝑎| 

                                                           ≤ |𝑧| +
(ି)

(ଵାఉ)(ଵା)𝒟(ଶ)
|𝑧|ଶ                     (3.2) 

Similarly, we have 

|𝑓(𝑧)| = อ𝑧 +   

ஶ

ୀଶ

 𝑎𝑧อ 

≥ |𝑧| −   

ஶ

ୀଶ

  |𝑎||𝑧| 

≥ |𝑧| − |𝑧|ଶ   

ஶ

ୀଶ

  |𝑎| 

                                                            ≥ |𝑧| −
(ି)

(ଵାఉ)(ଵା)𝒟(ଶ)
|𝑧|ଶ              (3.3) 

 

Combining (3.2) and (3.3) we obtain the desire result. The result is sharp for the function 

𝑓(𝑧) = 𝑧 +
(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
𝑒ఏమ௭మ

                  (3.4) 

at 𝑧 = ±|𝑧|𝑒ି୧ఏమ, This completes the proof. 

 

Theorem 3.2. Let the function 𝑓(𝑧) defined by (1.1) belong to the class 𝒱(𝜆, 𝛽, ϑ, 𝐴, 𝐵). Then 
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1 −
2(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
|𝑧| ≤ |𝑓ᇱ(𝑧)| ≤ 1 +

2(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
|𝑧|. 

The result is sharp for the function 𝑓(𝑧) given by (3.4) at 𝑧 = ±|𝑧|𝑒ିఏమ . 

Proof. In view of the inequality 

  

ஶ

ୀଶ

|𝑎| ≤
(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
                

It follows that 

  

ஶ

ୀଶ

𝑘|𝑎| ≤ 2
(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
 

Thus, we have 

|𝑓ᇱ(𝑧)| = อ1 +   

ஶ

ୀଶ

 𝑘𝑎𝑧ିଵอ

≤ 1 + |𝑧|   

ஶ

ୀଶ

 𝑘|𝑎|

≤ 1 +
2(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
|𝑧|.

 

Similarly, we obtain 

|𝑓ᇱ(𝑧)| = อ1 +   

ஶ

ୀଶ

 𝑘𝑎𝑧ିଵอ

≥ 1 − |𝑧|   

ஶ

ୀଶ

 𝑘|𝑎|

≥ 1 −
2(𝐵 − 𝐴)

(1 + 𝛽)(1 + 𝐵)𝒟(2)
|𝑧|.
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The result is sharp. 

                                       4.  Extreme Points 

Theorem 4.1. Let the function 𝑓(𝑧) defined by (1.1) be in the class 𝜈(𝜆, 𝛽, ϑ, 𝐴, 𝐵) with 

arg (𝑎) = 𝜃where [𝜃 + (𝑘 − 1)𝜂] ≡ 𝜋(mod2𝜋). Define 𝑓ଵ(𝑧) = 𝑧 and 

𝑓(𝑧) = 𝑧 +
(𝐵 − 𝐴)

[1 + 𝛽(k − 1)](1 + 𝐵)𝒟(k)
𝑒ఏೖ𝑧(𝑘 ≥ 2; 𝑧 ∈ 𝐸). 

Then 𝑓(𝑧) is in the class 𝒱(𝜆, 𝛽, ϑ, 𝐴, 𝐵) if and only if it can be expresesed in the form 

𝑓(𝑧) = ∑  ஶ
ୀଵ 𝜇𝑓(𝑧), 

where 𝜇 ≥ 0  (k ≥ 0) and ∑ୀଵ
ஶ  𝜇 = 1. 

Proof: If 𝑓(𝑧) = ∑ୀଵ
ஶ  𝜇𝑓(𝑧) with ∑ୀଵ

ஶ  𝜇 = 1and 𝜇 ≥ 0, then 

  

ஶ

ୀଶ

  [1 + 𝛽(𝑘 − 1)](1 + 𝐵)𝒟(𝑘)
(𝐵 − 𝐴)

[1 + 𝛽(𝑘 − 1)](1 + 𝐵)𝒟(𝑘)
𝜇

=   

ஶ

ୀଶ

  (𝐵 − 𝐴)𝜇 = (𝐵 − 𝐴)(1 − 𝜇ଵ) ≤ (𝐵 − 𝐴).

 

So, by Theorem 4.1.15 , we have 𝑓(𝑧) ∈ 𝒱(𝜆, 𝛽, 𝐴, 𝐵). Conversely, let the function 𝑓(𝑧) 

defined by (1.1) be in the class 𝒱(𝜆, 𝛽, 𝐴, 𝐵). Define 

𝜇 =
[1 + 𝛽(𝑘 − 1)](1 + 𝐵)𝒟(𝑘)

(𝐵 − 𝐴)
|𝑎|, (𝑘 ≥ 2) 

and 𝜇ଵ = 1 − ∑  ஶ
ୀଶ 𝜇 . 

We have,  ∑ୀଶ
ஶ  𝜇 ≤ 1 which implies 𝜇ଵ ≥ 0. Since  𝜇𝑓(𝑧) = 𝜇𝑧 + 𝑎𝑧, we have 
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ஶ

ୀଵ

𝜇𝑓(𝑧) = 𝑧 +   

ஶ

ୀଶ

𝑎𝑧 = 𝑓(𝑧). 

This completes the proof.  
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