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Abstract

In this article we study a new subclass of analytic functions comprising Erdély-Kober type
fractional derivative operator and confer some significant geometric properties like necessary
and sufficient condition, growth and distortion bounds, convex combinations,integral means
inequality for this newely demarcated class.
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1 Introduction

The theory of analytic function undermines a field that is still actively investigated today despite
being an old subject. Many studies on the privileged subject of inequalities in complex analysis have
been conducted using the classes of analytical functions. The interaction of geometry and analysis in
complex function theory is its most attractive characteristic. These connections between geometric
behaviour and analytical structure have been the key area of attention for rapid development. The
current work, which developed a new subclass of analytical functions related to the Erdély-Kober
Integral Operator, was motivated by this tactic. Several authors have investigated the characteristics
of analytic function subclasses and demonstrated how their findings have numerous applications in
engineering, hydrodynamics, and signal theory. The extremal difficulties are one of the main issues
with geometric function theory. Geometric function theory, the finding of coefficient bounds, sharp
estimates, and an extremal function all heavily rely on extremal problems. In the investigation of
numerous issues pertaining to the temporal evolution of the free boundary of a viscous fluid for
planar flows in Hele-Shaw cells under injection, the theory of analytic univalent functions plays a
significant role. The findings we came to in this study could potentially be applicable in other pure
and applied disciplines of mathematics.

Let A denote the class of all functions v(z) of the form

v(z) =2+ Y an2", (1.1)

in the open unit disc U = {z# € C : |z| < 1}. Let S be the subclass of A consisting of univalent
functions and satisfy the following usual normalization condition v(0) = v/(0) — 1 = 0. We denote
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by S the subclass of A consisting of functions v(z) which are all univalent in U. A function v € A is
a starlike function of the order £, 0 < ¢ < 1, if it fulfils

m{z;’(i’;)} >¢ zel. (1.2)

We denote this class with S*(£). A function u € A is a convex function of the order §, 0 < ¢ < 1, if
it fulfils

%{1+Z§/;S)} >¢& zel. (1.3)

We denote this class with K (). Note that S*(0) = S* and K (0) = K are the usual classes of starlike
and convex functions in U respectively. For v € A given by (1.1) and g(z) given by

g(z) =z + Z b, 2" (1.4)

their convolution (or Hadamard product), denoted by (v * g), is defined as

(v*g)(z) :z+Zanbnz”:(g*v)(z), (z€U). (1.5)

n=2

Note that v x g € A.
Let T" denotes the class of functions analytic in U that are of the form

v(z) :z—Zanz”, a, >0 (ze€U) (1.6)

and let T7%(&) = TN S* (&), C(&) = T N K(§). The class T*(£) and allied classes possess some
interesting properties and have been extensively studied by Silverman [17].

Now we recall the Erdély-Kober type ([8] Ch 5) integral operator definition which shall be used
throughout the paper as below:

Definition 1.1. Let for ¥ > 0,a,c € C, be such that (¢ — a) > 0, an Erdély- Kober type integral
operator " : A — A be defined for R(c — a) > 0 and R(a) > —9 by

F3v(z) = IE‘EZ:::Z; F(cl— J /0 (1 — 1) tu(2t”)dt, 9 > 0. (1.7)

For ¥ > 0,R(c —a) > 0,R(a) > —v and v € A of the form (1.1) we have

F(z) = 2+ Z By (n)anz" (1.8)
where
ac, v Llc+9)(a+nd) acion _y _ Lle+9)(a+29)
#y'(n) =) = I'(a+ 9 (e + nd) and #57(2) =) = L(a+ NI (e +29) (19)

Note that 7" v(z) = v(2).
Definition 1.2. Erdély-Kober fractional order derivative. For ¢ > 0, R(c—a) > 0, R(a) > —0
meZ={0,+£1,£2,43,..}; £ > —1; o> 0 and v € A of the form (1.1) we have

Tgv(z) =z + Z By (n)an2". (1.10)
n=2
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where
ac B on—1)]" T'(c+ I'(a + nv)
%}ﬂ’m(n) n [1 + (+1 } ['(a+ 9T(c+ nd) (1.11)
Particulary
o B o 1" T(c+ T (a+ 29)
Poml2) = {1 Ty 1] I(a+9)(c+29) (1.12)

Remark 1.3. By fixing m = 0 and suitably choosing the parameters a, ¢, 9 as mentioned below, the
operator ﬂ; © includes various operators studied in the literature as cited below:

. For a = k;¢ = ¢+ Kk and ¥ = 1, we obtain the operator Qv (z)(¢ > 0;x > 1) studied by Jung

et al. [7].

. Fora =¢—1;¢ =k —1 and ¥ = 1, we obtain the operator .Z. ,v(z) (s;x € C € Zo;Zo =

{0; —1; —2;- -+ }) studied by Carlson and Shafer [4].

. For a =¢—1;¢ = (¢ and ¥ = 1, we obtain the operator .#, (¢ > 0;¢ > 0) studied by Choi et

al [6].

. For a = ¢;¢ =0 and ¥ = 1, we obtain the operator 2° (¢ > —1) studied by Ruschweyh [15].

. For a = 1;¢ = n and ¥ = 1, we obtain the operator .#, (n > Ny studied by Noor [13], Noor

and Noor [14].

. For a = k;¢ = k+1 and ¥ = 1, we obtain the integral operator .%, ; which studied by Bernardi

13].

. For a =1;c =2 and ¥ = 1, we obtain the integral operator .#; ; = I which studied by Libera

[10] and Livingston [12].

Remark 1.4. By fixing parameters a, ¢, v as mentioned below, the operator f;  includes various
operators studied in the literature as cited below:

(i).
(ii).
(iii).
(iv).

By fixing £ = 0 and .7, = 77, (m € Ng = {0,1,2,3,...}), Al-Oboudi operator [1].
Assuming o = 1; £ =0 and I, = J" (m € Ny), Salagean operator [16].
Assuming ¢ = 0; ¥ = 1 and fff;g = 7%t (m € Ny) studied by Catas in [5].

m“Q’

By fixing o = 1; £ =n and S5, = I (m € Ny, p > 0) Komatu operator [9].

Now, by making use of the linear operator 7.7 g:fnv(z), we define a new subclass of functions be-
longing to the class A.

Definition 1.5. For 0 < h<1,0< o<1, and 0<¢ <1, we let ﬁﬂgfn(h, 0,<) be the subclass
of v consisting of functions of the form (4) and its geometrical condition satisfy

a,c / %§7’;v(z)
n((Fpe(e)y - D)
o(Igpu()) + (1 - it

z

<g, z€U

where 7 v(2), is given by (1.10).
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2 Coefficient Inequality

In the following theorem, we obtain a necessary and sufficient condition for function to be in the
class 7.75° (h,0,5).

Theorem 2.1. Let the function v be defined by (1.6). Then v € T2} (h,0,c) if and only if

i[h(n — 1) +<(no+1—h)]%g,,(n)a, < (o + (1 - h)), (2.1)

n=2

where 0 < ¢ <1,0<h <1, and 0 <o < 1. The result (2.1) is sharp for the function

o S(o+(1—h) .
v(z) =2 [(A(n — 1) + s(no + 1 — W55 (n) " =2

Proof. Suppose that the inequality (2.1) holds true and |z| = 1. Then we obtain
f%“(@) ‘ f%“(z)) ‘

z z

’h ((ﬂ;;iv(z))’ — o (ﬂ;;ﬁbv(z))’ + (1 —h)

:| hz (n— 1Ay (n)anz"""

-9

o+ ( Z no +1—h)Ag, (n)a,z""!
n=2

<> [aln = 1) +s(no + 1 — h)| By, (n)a, — (o + (1 - h))
<0.

Hence, by maximum modulus principle,v € 7.7 (h,0,5). Now assume that v € T2y (h,0,¢)

so that e
h <(f7§f;iv(z))' - —0’7';”(2))
) <g¢, z€U
o(Fymv(2)) + (1 — h)==2—
Hence 7 () 7 ()
Uz U2
‘h <<f;;gv(z))' - ﬁ%)' <slo (f;;v(z))' +(1- h)%) ‘ .
Therefore, we get
| Zh n—1)25 (n)a,z"""!
<cslo+( Z no +1—h)Ag, (n)a,z""'|.
n=2
Thus -
> [an = 1) +s(no + 1= W) By, (n)a, < (o + (1 —h))
n=2
and this completes the proof. O

Corollary 2.2. Let the function v € 7.7, (h,0,5). Then
(o + (1)) n

< > 9.
"= Thn—1) oo+ 1A (mn) T
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3 Distortion and Covering Theorem

We introduce the growth and distortion theorems for the functions in the class 7.7y (h, 0,<)

Theorem 3.1. Let the function v € .5 (h,0,5). Then

J,m

2 — s(c+ (1—h))
[h+¢(20 +1—h)|%y,,(2)

2" < Ju(2)]

<
<lel + [h+¢(20 + 1 —h)|%y,,(2)

The result is sharp and attained

s(o+(1-h)) 2
h+¢(20+1— h)]%’gfn@)

v(z) =2z —
Proof.

0(2)| =

[e.e] oo
z— Zanz" <|z|+ Zan\z\"
n=2 n=2

o0
< |z|+ |z\22an.
n=2

By Theorem 2.1, we get

> s(o+(1—h))
2 S e+ 1 WA ()

n=2
Thus
o()| < Jof - T e
- h+¢(20 +1— h)]gggfn@) ’
Also
0(2)] > |2 = a2
n=2
> 2| = 27 an
n=2
- [h+¢(20+1— h)]%gfn@) ’
Theorem 3.2. Letv € 7.7 (h,0,c). Then
26(a4(1—h)) 25(o+(1-h))
L~ mrmorime 2 < WG S 1+ s
with equality for 2( 1w
o+ (11— 2

R R o7 T AL
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Proof. Notice that

[h+¢(20 + 1 — )| %y, ( Znan

Z (n—1)+<(no + 1 — h)| 255 (n)ax

<< ( +(1=h)), (3.2)
from Theorem 2.1. Thus

o
=1|1-— g na,z"
n=2

o0
<1+ Z nay,|z|"
n=2

<1+ |z Z na,
n=2

2 (0 + (1 — h))

<1+ . 3.3
- |z|[h+§(2a—|— 1 —h)]| %y, (2) (38:3)
On the other hand
") =11 —Znanz” !
n=2
>1- Znan\z\"_l
n=2
>1—|z| Z na,
n=2
2(c + (1 —h))
>1-— . 3.4
- 12 [h+¢(20 + 1~ h)| %y, (2) (3.4)
Combining (3.3) and (3.4), we get the result. O

4 Radii of Starlikeness, Convexity and Close-to-Convexity

In the following theorems, we obtain the radii of starlikeness, convexity and close-to-convexity for
the class 7.7 (h,0,5).

Theorem 4.1. Letv € 7.7 (h,0,5). Then v is starlike in |z| < Ry of order 6, 0 <0 <1, where

(1=206)(h(n —1) +¢(no+1—h))ABy: (n)) **
= inf ; > 2. 4.1
i { (n=2d)s(o + (1= h)) } e .
Proof. v is starlike of order §,0 < ¢ < 1 if
R { 2v(z) } > 6.
v(2)
Thus it is enough to show that
—Oon—lan,z"1 Oon—lan,z”_1
EZ Z0-Des| Sl
v(2) 1— > apznt 1= aylz|”!
n=2 n=2
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Thus
20/ (2) o~ (n—9) n—1
o) 1‘ <1-9 if 322 ) a,|z|" < 1. (4.2)

Hence by Theorem 2.1, (4.2) will be true if

n— 5| i< (h(n—1)+¢noc+1— h))@g;(n)
1-s°" = s(o+(1—h)
or if )
(1—=9)(h(n —1)+<s(no+1—h))By: (n)] "1
< ’ > 2. 4.3
1< | (0= 8)5(o + (0~ ) | -
The theorem follows easily from (4.3). O

Theorem 4.2. Letv € 7.7 (h,0,5). Then v is convez in |z| < Ry of order 6,0 < < 1, where

m

> 2. (4.4)

(@ =8)(h(n —1) +<(no+ 1 — h)B55, (n) =i
Rzsz{ nn = o%(o T (1=h) } ., n

n

Proof. v is convex of order §,0 < < 1 if

"
R+ ) >0
v'(2)
Thus it is enough to show that
o - - n—1 - - n—1
W) | n(n —1)a,z & n(n — 1)a,|z|
v'(2) 1— > na,znt Co1- > nay|z|mt
n=2 n=2
Thus
20" (z) o n(n = 9) -1
<1-4 M=o 2t < 1. 45
TSm0 i el < (45)

Hence by Theorem 2.1, (4.5) will be true if

n(n — (5)| < (h(n —1) +<(no +1—h)) By, (n)
- 0= o+ (1—h)
or if X
(1—=0)(h(n —1)+<(no+1—h))By: (n)] "1
< : > 2. .
e nca (e e o
The theorem follows easily from (4.6). O

Theorem 4.3. Letv € 7.7 (h,0,¢). Thenv is close-to-convex in |z| < Rz of orderd, 0 <0 <1,
where

Rg = inf

n

{(1 —8)(A(n — 1) +s(no + 1 — ) B5,(n) } R (4.7)

ne(o + (1 —h))

Proof. v is close-to-convex of order 6,0 <9 < 1 if

R{v'(2)} > 4.
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Thus it is enough to show that

v'( —1|_| Znannl <Znan| "1,

Thus

= n
/ .
CRIER RS e
Hence by Theorem 2.1, (4.8) will be true if

(h(n—1)+¢(no+1— h))%gfn(n)
- s(o+ (1 —h)

5 an|z["t < 1.

L,
1—96

Z‘n—l

or if
(1= 8)(h(n —1) +(no + 1 — b)) B2 (n)] 7
ne(o + (1 — h))

2] <

The theorem follows easily from (4.9).

5 Extreme Points

In the following theorem, we obtain extreme points for the class 7.75¢ (h,0,5).

Theorem 5.1. Let v1(z) = z and

(o + (1—h))

I R e e A

Then v € 95”“ o (h,0,9) if and only if it can be expressed in the form

= Zenvn(z), where 0, >0 and Z@n =1

n=1
Proof. Assume that v(z) = > 6,v,(2), hence we get
— [h(n —1) + s(no+1—h)Ag, (n) "

Now, v € 77, (h,0,), since
h(in—1)+ g(na +1—h)| %y, (n)
(o +(1—h))

y (0' + (1 —h))b,
[An—1)+¢(no+1— h)]%g;(n)

f:@ =1-6, <1.

n=2

,n > 2.

for n=2,3,---

(4.8)

(4.9)

Conversely, suppose v € 7.9 (h,0,¢). Then we show that v can be written in the form

ngn<)

NOW ve TSy (ho,c) implies from Theorem 2.1

s(o+(1—h))
[A(n —1) +<s(no+1— h)]%’gfn(n)

an <
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) _ [an=1)+s(no+1-h)B5 ¢ (n)
Setting 0,, = s(oc+(1—h))

and ) =1 — i 0,, we obtain v(z) = >_ 0,v,(2). O
n=1

n=2

anan:2737"'

6 Hadamard product

In the following theorem, we obtain the convolution result for functions belongs to the class .7 .% f;”fn(h, 7,5).

Theorem 6.1. Let v,g € T'S(h,0,5). Thenv*g € TS(h,o,() for

v(z) =2z — Zanz”,g(z) =2z— Z b2 and (v g)(z) = 2z — Zanbnz”,
n=2 n=2 n=2

where

> s%(c + (1 —h))A(n —1)
“[Mn—=1)4+¢(no+1— h)]?%’gfn(n) —¢2(c+(1—h))(no+1—h)

Proof. ve 7.7 (h,o,¢) and so

Z [A(n—1)+c¢noc+1-— h)]%’g;(n)

o+ (1= W) =l (6-1)
" < [h(n — 1) + s(n0 + 1~ B (n)
n—1)+¢nec+1-— 9 T
; o TR b, < 1. (6.2)
We have to find the smallest number ¢ such that
2 [A(n — 1) + ((no + 1 — k)| %y, (n)
By Cauchy-Schwarz inequality
= [A(n —1) +<s(no + 1 - h)| %y, (n)
Therefore it is enough to show that
(i(n — 1) +¢(no + 1 - BB, ()
Clo+(1—nh)) o
- [A(n — 1) +¢(no + 1 — h)| Sy, (n) —
B <o+ (1—nh)) o
et i — 1) + (0o + 1= B
n— s(no —
S = 1)+ (o + 1= A5 (6:5)
From (6.4)
— (o +(1—nh))
nbn < [hn—1)+¢(no+1— ﬁ)]@;’;(n)
Thus it is enough to show that
(o +(1—h)) < [A(n—1) 4+ ¢(no+1—h)|C
[A(n — 1) +¢(no +1 =) Bg,,(n) = [M(n—1) +{(no +1—h)s’
which simplifies to
C> ¢2(o+ (1 —h))h(n —1)
~ [in—1) +s(no+1 = h)2By,, (n) =20 + (1 = h))(no +1—h)
]
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7 Closure Theorems

We shall prove the following closure theorems for the class 7.7 (h, 0,¢).

Theorem 7.1. Let v; € 7.7 (h,0,6),j =1,2,...,5. Then

chvj ) € TSy (h,0,6)

o0 S
Forvij(z) =2z — ) an;2", where Y ¢; = 1.
n=2 j=1

Proof.

Jj=1
o S
=z— E Cjln %
n=2 j=1
o0
=z— E enz”,
n=2

where e, = ) cja, ;. Thus g(2) € 7757 (h, 0,¢) if

=1

i n—1)+¢(no +1—h)| %y, (n)

n<17
o+ (1—h) “n =

n=2

that is, if

i: n—1)+ g(na +1—h)| %y, (n)

NE

Cjln
n=2 j=1 s(o+(1=h) Y

_ic i (n—1) +§(n0+1—h)]%§:fn(n)a |

= j n.j
j=1 n=2 U T (1 N h>>

p'%

Cjzl.
1

<.

Theorem 7.2. Letv,g € 7.7, (h,0,5). Then

h(z) =2z — Z(af1 +b2)2" € TS 5B, 0,6), where
n=2
2h(n — 1)s%(o + (1 — h))

¢ [A(n —1) +<(no + 1 = h)2 By, (n) —2¢*(0c + (1 = h))(no +1—h)

Proof. Since v,g € 7.7 (h,0,c), so Theorem 2.1 yields

> (n—1) +§(na—i—1—h))%’§:fn(n)a 2
Z{ o+ 1-h) n o=t
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and

> [(h(n—1)+<(no +1—h)By5 (n) 1
2 [ RCEACED) b”]

n=2

We obtain from the last two inequalities

o0

h(n —1 no + 1 — h)B% (n)1?
Z% {( ( )+g(<a(+g_ h)))) o q (ap +b7) < 1. (7.1)

n=2

But h(z) € TS(h,0,(), if and only if

< [f(n — 1) + ((no + 1 — K)| B35, (n)
2 Clo+(1—h)

n=2

(ap +05) < 1, (7.2)

where 0 < ¢ < 1, however (7.1) implies (7.2) if

[i(n — 1) + ¢(no + 1 — h)] 57, (n)
((o+(1=h))
1 [(ﬁ(n —1) +<(no +1—h)B55,(n)]?
—2 (o + (1 —h)) '

Simplifying, we get

2h(n — 1)s%*(o + (1 — h))
[A(n — 1) +¢(no + 1 = h)]2%By,, (n) — 262(0 + (1 — h))(no + 1 — h)

¢

8 Integral Means Inequality

To find the integral means inequality and to verify the Silverman Conjecture [18], v € 7.7 (h,0,¢)
we use the following subordination result due to Littlewood [11].

Lemma 8.1. Ifv(z) and u(z) are analytic in U with v(z) < u(2), then forn >0, and z = re?, (0 <
r<1),

2m 2
/ |U(rei9>\”deg/ fu(re®)|" db.
0 0

Application of lemma 8.1 to v(z) in the class .77 (h,0,¢) gives the proof of the following
theorem.

Theorem 8.2. Letn > 0, ifv € 7.7y (h,0,5), then

,m

2m 2m
/ }v(rewﬂnd@ < / |u(7‘e’49)‘77 df, z=reand (0<r<1),
0 0

— (o+(1-h)) 2
where vy(z) = z — [h(n—1)+§§(n0+1—h)}ﬂ§:fn(n)Z :
Proof. Let v(z) be of the form (1.6) and vy(2) = z — slot(1-h)) 2. then we show that

[W(n—1)+<(no+1-h)] %y} (n)

n n

(o +(1—=h)) m

D oo 11— M)

2w 2
[lgo o= |
0 0

oo
1-— E apz" 1
n=2
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By Lemma 8.1, it suffices to show that

setting

00 L S(o+(1—-h))
D S | W Y v AT
& - - s(o+(1—n)) w(z
: Z S T R = D oo + 1 RIS () () Y

using (2.1) and (8.1) we obtain,

= [A(n —1) +¢(no+1—h)]By: (n)

lw(z) = Z ’ an2"

n=2 1- v
L [h(n — 1) +¢s(no + 1 — k) B5°(2)
<[z — r="|a,|
n=2 1 v
< 2|
O
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